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Rayliegh Distribution
Let ‘X’ +ve be a continuous random variable with interval (0,%0) is said to be Rayliegh
distribution, having its p.d.f:

f(x) = 2Axe > 0<X<w
f(X) = 2axe "
&
2
f(x) = X2
2

It has one parameter 4 .

Properties:

i) Rayliegh distribution is a continuous distribution.
ii) The total area under the curve is unity.

ii1) The range of the distribution is 0 to .

iv) It has one parameter 4 .

1 |n
v) The mean of the Rayliegh distribution is E(X) :E Z :

d-7
vi) The variance of the Rayliegh distribution is Var(X) = TR

Prove that total area under the curve is unity.
Proof:

Let by definition
Area= j f (x)dx
As x~ Rayleigh (1)

f(x) = 2Axe ™ 0<X<ow
Area = J‘Zﬂxe‘ﬂxzdx:z/l _[ xe > dx
0 0
Area = le xe ™ dx (i)

0

_ay2 t ot [t <
Putt=AxX"—o —=X"=oxXx=,[—=| —
A A A

A
dx =1(3j Lat  puting)
2

1
=t 1/t "1
Total area:ZﬂI —e‘t—(—j —dt
Wi 2\a) 2
1 1

FARY t) 2
Area= (—j e‘(—) dt
! A A

Area=| e 'dt

O 8

Area= f tHetdt
0

By gamma function
Area=1
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Find mean & variance of Rayleigh distribution
Solution: Let by definition

E(x)= [xF (e
As x~ Rayleigh (1)
f(x) =2 0<xX<o0

E(x)= j x2Axe™ dx
0

E(x) = 2/’LI x2e™ dx
0

()
%
Put t = AX? :>£:x2 — x:\/zz(ij
A A A
Y
dx = E(LJ Lot Put in (i)
2\ 1 A
o 1 B Liaa
e -2f e 5[4 ta-fe(3) a
A 20a) a0
[ téﬂ_l -t 17 g_l —t
E(X) = }[F dt :;'([t e dt (i)
As we know gamma function is
Jab’ :J Xt ol i

0
Comparing (ii) & (iii) then we get

a:§,b=1
2

-

Now (ii) becomes

S

Find variance of rayleigh distribution
Solution:

var(x) = E(x?)- [E(x)F

)= [ ()

As x~ Rayleigh (4)

f(x)=2axe ™ 0<X<w

E(xz) _ T x22.xe ™ dx
0
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E(xz) _ 2/1T x%e ™ dx "

0

out t = Ax? o b x2 _\/T_(tj%
Mt=AX"=>—=X"=X=,—=| —
A A A

%—1
dx = l(ij i dt Putin (i)
A A

SR 3,1, s

0 3 = o 2 272 2
:Zﬂj \ﬁ e“l(l)z ldt:jt—ge‘tt dt = t—e‘tdt_f—e“dt
A 2\ 1 A 1 1y 1 A

e 3+1

j t2 et (i)

As we know gamma function is

b’ :j X /oy
0
Comparing (ii) & (iii) then we get
3+1

a=—-,b=1
2
ﬁbazﬂ
2

Now (A) becomes:

) JP’_T -5

(iii)

var(x) = ﬂ Required result

Find the r'" moments about origin and use it to find mean & variance
Solution: Let by definition

U = E(xr): jxrf(x)dx
As x~ Rayleigh (/)
f(x) =2 0<X<o0
ﬂr! = j X" 2206 dx = 2/1j X"xe ™ dx
0 0

/

T 2&] X" dx
0
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out t = Ax? o b x2 _\/T_(tj%
MEt=AX"=>—=X"=>X=,—=| —
A A A

¥
dx :%(Lj %dt put in (i)

(i)

As we know that gamma function is

Jab® :j Xt ol (iii)
0
Comparing (ii) & (iii) then we get

)
a:5+1 &b=1

ﬁba =>%+1

Put in (ii)

roLr 1

=)ot (iv)
12

Put r=1in (iv)

o1 1(1
b=t T3
22 2

Putr =2in (iv)

I\DIH‘
l\JIl—\|
1
N | =
—
N | =
1
[N
By
1
N | -
N
S~
I\)IH‘
[l
N

~
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Derive the distribution function of Rayliegh distribution
Solution:

F(x)=P(X <x)=f(X <X)

F(X)=] 2axe ™ dx
0
F(X)=—[ (2ax)e*dx=—| e dx
0 0

F(X)= —[e‘“z t = —[e"lxz — e‘o]

F(X)= —[e"lxz —1J: e y1=1-e* Required result
Find median of Rayliegh distribution

Solution: Let by definition of median:

P(X < m) =%
p 1
Lf(x)dx:E

f(x)=2axe ™™

.[Z/Ixe‘lxz dx = 1
0 2

H ) 1
J'(Z/”tx)e‘lX dx = >

0
— _[(— 22x)e™ " dx = =
0 2

X

—Ie‘“zdx=1
0 2
_ 1
_ e—lx -
b=
— e_ﬂf“2 _e_o]zl
2
_ e_’w2 _]_]zl
2
_ep1=t
2
et =1 g
2
g — 1
2
— AP _1
2

Taking log on both sides

—Au® =log(1/2) =log(1) —log(2)
—Ap* =—log(2)

A =1og(2)

log 2 flog 2 :

2

=—" = Required result!
H A H A |
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Find the mode of Rayliegh distribution
Solution: If following two conditions are satisfied then mode exists.

d
f(X’)ZO or &Iog f(X)ZO

2

d
f(Xl)<O or Wlog f(X)<0

f(x) =2 0<X<o0
Taking log on both sides

log f (x) = Iog(Zﬂxe“Xz ): log(24)+ log x — Ax* loge
log f (x) = log(24)+ log x — Ax?

Differentiate w.r.t.to “x”

M:O+E—2&X:>E—2/1x (i)
dx X X
1
—=2X=>—=X
X 24
_ 1
21
Again differentiate eq(i) w.r.t to ‘x’
2
dilogf(x) 1 1 o o1 2i—_ai<0
dx’ X 1
21
Hence, both conditions are satisfied. So mode is:
o |1
21

Derive the Moment Generating Function m.g.f of Rayliegh distribution by following

pdf f(x)=2xe™
Solution: Let by definition of m.g.f
Mo (t) =my (t) = E(e")
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AR
Mo(t)—Z/Iel[“j Ixe % dx
0
t 2
Lw
M, (t) =21e* j Xe fo dx
0
4
21 1 t
y=—=7"1 Y F==X-77, K=Y—=+_>
Put
A 21 1 21
/ﬁ Vi Vi
1
dx=—d
i y

And the limits will be

t
%_—
As X—0 then Y 0]

As X—0 then Y > ©
Now,
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sl -1 [ztﬂj oy
M, (t) = 24/2e Vil +o jteydy

By Gaussian Integration

)= 247¢’ Lfe +TH (OWx

_ 02_ -6* 92i
(t)=2{7e 2ﬁe + 278 ﬁH(H)\/;

M, (t) =1+ 2¢"H (9)\/; That is the required result

Derive the Moment Generating Function m.g.f of Rayleigh distribution by following

2X X/,
pdf f(X)=—¢e i 0<x<w

Solution:
By definition of m.g.f:

Mo (1) =my(t) = E(")

_1
T XX/dx

Mo(t):?.0 e 7 dx
I\/Io(t)zi2 xetx_(%z)dx

o

0 1 2

Mo(t):%'xe 2t w)dx

a

L2 o [ 2] 2%

200 /12[ ltx+[2][2]]

Mo(t):?gxe X
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E (i)
2, \? X—ﬁ
x—% 2
PutY:ﬁ = J)
A4 A4
Ay =X-——, Ay +—=X
y 2 y 2
dx = Ady

While limits will be:

When x —0 then y —>_?

When x —o0 then y —o0

2 2w
M,(t)=—¢e* j/l(er Zjﬂ Ady
t

A
2
Loo
M,(t)=2¢ ¢ | (y+ }‘ydy
%
M,(t)=2e * Jye‘ydy+— Y dy
L 2 _%
2| 4w
My(t)=2e * | - j (—2y)dy+—J' " dy
A A
2 2
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M, (t)=2e e’ w2+%jﬂ e’ dy
2
Q) 1] . {=2) AT e
Mo(t):Ze(zj —E[e —e[23]+?jﬂeydy

0-2° | (Dye't )2

V|, (Y »
Mo(t)=2e(ZJ %e [2] +% j e dy

pii

Put 92?

M, (t) = 2¢" Ee(a)z +6 I eyzdy}

By Gaussian Integration

H () :% je‘yzdy

0

H(OWT = [edy

-0

M, (t) = 26 Be‘@z N }
Mo(t):Ze(H)zi O 4 26" gH(OW7

M, () =e? e +26” oH(O)x

M, (t) =1+ 26" OH (7
Hence required m.g.f of Rayliegh distribution
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